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Abstract 

A general technique is presented for constructing a quantum the- 
ory of a finite number of interacting particles satisfying Poincare in- 
variance, cluster separability, and the spectral condition. Irreducible 
representations and Clebsch-Gordan coefficients of the Poincare group 
are the central elements of the construction. A different realization of 
the dynamics is obtained for each basis of an irreducible representa- 
tion of the Poincare group. Unitary operators that relate the different 
realizations of the dynamis are constructed. This technique is distin- 
guished from other solutions ^ H] of this problem because it does not 
depend on the kinematic subgroups of Dirac's forms [2] of dynamics. 
Special basis choices lead to kinematic subgroups. 
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1 Introduction 



This article illustrates a general method for constructing a relativistic quan- 
tum theory of A^-interacting particles. The theory has a dynamical unitary 
representation of the Poincare group, satisfies cluster separability, and has a 
four-momentum operator with spectrum in the future-pointing cone. These 
are the minimal elements of any physically motivated axioms of relativistic 
quantum theory. 

Relativistic quantum theory of particles falls between non-relativistic 
quantum theory and local relativistic quantum field theory. It is interesting 
because it provides a mathematically well-defined framework for realizing the 
symmetry of special relativity in quantum theories. This makes it useful for 
applications to systems of a few strongly interacting particles. 

The relativistic quantum theory constructed in this paper has many prop- 
erties of local relativistic quantum field theory!^. Both are quantum theories 
satisfying Poincare invariance, cluster separability, and the spectral condi- 
tion. The most significant distinction between the two theories is that local 
relativistic quantum field theory satisfies a microscopic locality constraint, 
which requires an infinite number of degrees of freedom. 

The absence of theories that are simultaneously consistent with the ax- 
ioms of local quantum field theory and applicable to realistic systems sug- 
gests that mathematically well behaved alternatives might be well suited to 
applications involving strongly interacting particles. 

The essential features of quantum theory of particles are: 

1. The model Hilbert space is the finite tensor product of single-particle 
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Hilbert spaces. This defines the degrees of freedom of the model. 

2. There is a unitary representation of the Poincare group U (A, Y) on the 
model Hilbert space. This ensures that the quantum probabilities are 
independent of inertial frame. This representation necessarily contains 
the dynamics. 

3. The four-momentum operators, which are the infinitesimal generators 
of the space-time translation subgroup of ?7(A, F), have a spectrum in 
the future-pointing light cone. This ensures the stability of the theory. 

4. The operator U (A, y) can be approximated by a tensor product of 
tJi{A,yys on vectors describing subsets of particles in asymptotically 
separated regions. This justifies experiments on isolated sub-systems 
and provides the relation between few- and many-body systems. 

5 The scattering operator is unitary and Poincare invariant. 

While relativistic quantum theory of particles is useful, independent of a 
relation to local quantum field theory, any local field theory should be well 
approximated by a quantum theory of particles when it is applied to reactions 
involving a finite number of particles. Because the defining requirements of 
relativistic quantum theory of particles are a subset of the axioms of local 
relativistic quantum field theory, the consequences of these requirements on 
the structure of the models of interacting particles are the same in both 
theories. 

The Poincare symmetry makes the problem of constructing a dynamical 
theory difficult. Poincare covariance of the dynamics involves non-linear 
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constraints. The requirement that these constraints are preserved when the 
system is separated into isolated subsystems introduces additional non-linear 
constraints. These difficulties were recognized by Dirac 3^ and have been 
pointed out in a recent text by Weinberg j5|. 

The essential role of unitary representations of the Poincare group in rela- 
tivistic quantum theory was ffist emphasized by Wigner [Hj in 1939. Most ap- 
plications to finite systems of interacting particles cite Dirac's |H1 1949 paper, 
which identified the essential difficulty and introduced kinematic subgroups 
associated with different "forms of dynamics". These subgroups, which re- 
duce the number of constraints on the interactions, have played a role in all 
subsequent theoretical development. 

The problem of constructing interacting unitary representations of the 
Poincare group was ffist solved for the two-particle system by Bakamjian and 
Thomas [T in 1953. A three-particle solution satisfying S'-matrix clustering 
was given by Coester in 1965 jS]. The ffist complete solution of the problem 
for particles was given by Sokolov in 1977 pp. A general solution in all of 
Dirac's forms of dynamics appears in 2 9j. 

Relativistic quantum theory of particles is a practical framework for appli- 
cations to few-hadron [101111111211121 [HI [IHl [IHl [Hj and few-quark systems 
[18j[19j[20j[2j]|22]- AH of these application are formulated in one of Dirac's 
forms of dynamics; they are limited to systems where cluster properties can 
be trivially realized. 

The construction in this paper is directly motivated by Wigner's 1939 
paper and makes essential use of irreducible representations of the Poincare 
group. It generalizes the two-body construction of [23 and leads to a rela- 
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tivistic N-body dynamics satisfying cluster properties and the spectral con- 
dition. Groups of unitary transformations that preserve the -S'-matrix and 
cluster properties are constructed. In the general construction all of the 
Poincare generators may be interaction dependent. The kinematic subgroup 
symmetries can be implemented by imposing additional constraints on the 
general construction. 

The resulting dynamics has interactions in between three and ten of the 
Poincare generators. Unitary operators that preserve the S-matrix and clus- 
ter properties redistribute the interactions in ways that may be advantageous 
for different applications. These unitary operators are elements of a C* al- 
gebra of asymptotic constants, which is relevant for identifying physically 
equivalent theories. 

This paper is organized as follows. Section two contains a brief account of 
Wigner's formulation of relativistic quantum mechanics, which is central to 
the construction in this paper. Sections three to six summarize the group the- 
ory that is needed to construct the required representations. These sections 
discuss inhomogeneous SL{2, C) {ISL{2, C)), which is the covering group of 
the Poincare group, irreducible representations of ISL{2,C), and Clcbsch- 
Gordan coefficients of ISL{2,C). Section seven provides an introduction to 
relativistic scattering theory, which is used in the general construction. This 
formulation of scattering theory does not assume the existence of a kinematic 
subgroup. Section eight introduces the cluster separability condition. Sec- 
tion nine introduces the C* algebra of asymptotic constants and its unitary 
elements, which are called scattering equivalences. This algebra provides 
a functional calculus of non-commuting operators that is used to establish 
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cluster properties. Section ten introduces the Mobius and Zeta function of 
the lattice of partitions. These combinatoric tools, which generalize standard 
Ursell cumulant expansions, are used extensively in the construction of the 
A^-body dynamics. Section eleven contains the general solution of the two- 
body problem, which is the starting point of the recursive construction, and 
section twelve contains the recursive N-body construction. Section thirteen 
constructs scattering and cluster equivalences that relate dynamical mod- 
els that utilize different bases. Section fourteen has conclusions. Technical 
aspects of the construction are included in the four appendices. 



2 Relativity in Quantum Mechanics 

In 1939 Wigner [U] showed that the relativistic invariance of all quantum 
probabilities 

Pi.^:=\{m\' (1) 

is equivalent to the existence of a unitary representation of the Poincare 
group. This was refined by Bargmann in 1954 |23 who observed that the 
dynamics could be realized by a single valued unitary representation of the 
covering group, ISL{2, C), of the Poincare group. The central problem of rel- 
ativistic quantum mechanics is to construct a unitary representation U[A, Y] 
of ISL{2, C) which implements the dynamics. 
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3 Inhomogeneous SL{2, C) 

In this section ISL{2, C) is defined and related to the Poincare group. Ele- 
ments of ISL{2, C) consist of ordered pairs of complex 2x2 matrices (A, Y), 
where A has determinant 1 and Y is Hermitian. The group product is 

(A2,F2)(Ai,ri) = (A2Ai,A2riA^ + r2). (2) 

The relation to four- dimensional Poincare transformations follows by rep- 
resenting four vectors x'^ by 2 x 2 Hermitian matrices X: 

X := x^a^ = iTr(Xor^) (3) 

where cxo is the identity and o"j are the Pauli matrices. In this matrix repre- 
sentation ISL{2, C) transformations are affine transformations of the form 

X' = AXA^ + Y. (4) 

Any Poincare transformation continuously connected to the identity can be 
represented in the form 

Elements of ISL{2, C) can be parameterized by three components of a 
rotation vector 6, three components of a rapidity vector p, and a space-time 
translation four vector 

Aie, p) = e-i(^+^^^)"^ Y{y) := y^a^. (5) 

Thus, the relativistic quantum dynamics, ?7[A,y], satisfies: 

f/^[A,r] =f/-i[A,r] =U[A-\-A-^Y{A-^)^] (6) 

and 

f/[A2,r2]?7[Ai,ri] = U[A2Ai,A2YiAl + Y2]. (7) 
7 



4 ISL{2, C) Generators 

The infinitesimal generators of f/[A,y] are defined. Tliese operators are 
used to identify a maximal set of commuting self-adjoint operators. For 
structureless particles the eigenvalues of these commuting operators label 
the state of the particle. The spectrum of these operators is determined by 
the eigenvalues of the invariant mass and spin operators, which define an 
irreducible subspace, and group theoretic considerations. The single-particle 
Hilbert space is the space of square integrable functions of these eigenvalues. 

The ten parameters y^, 6, p have the property that if any nine of them are 
set to zero, the group becomes a one-parameter unitary group with respect 
to the remaining parameter. These unitary one-parameter groups necessarily 
have the form U{X) = e"*^*^ for a self-adjoint operator G . Thus a unitary 
representation f/[A, Y] of ISL{2, C) can be parameterized as: 

U [A{e, p ), /] = e-^(^^-^+'^-^) (8) 

U [I, Y{y)] = e*(s^-^-2^"^) (9) 

with self-adjoint generators H, P, J and K. 

The commutation relations of the generators follow from the group rep- 
resentation property ((Tj) and the definition ©©of the generators j^Hl- The 
commutation relations are consistent with := {H,P) transforming as a 
four-vector operator 

U[A, 0]A'f/^[A, 0] = ™/ (10) 
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transforming as a rank-two antisymmetric tensor operator: 



(12) 



The Pauli-Lubanski vector is a four- vector valued function of and 



satisfying 



[k\ w^]_ = -id^^w^ [k\ = -iw^ 

[P^'^W''P = 
[#^, W^H- = ie^'^^'^WpPr, mPf, = 0. 
The scalar operators 
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are the two independent invariant polynomial functions of the generators 
of ISL{2,C). 
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When the spectrum of the mass operator is positive, the spin-squared 
operator is defined by 

r := 't. (20) 

5 Irreducible Representations of ISL{2, C) 

The Hilbert space for an N-particle system is the tensor product of single 
particle Hilbert spaces. Single particle Hilbert spaces are irreducible repre- 
sentation spaces of ISL{2, C). The irreducible representations are labeled 
by the mass and spin of a particle. Eigenvalues of additional commuting 
self-adjoint functions of the ISL{2, C) generators are needed to specify the 
state of the particle. Simultaneous eigenstates of the commuting self-adjoint 
operators define a basis in the irreducible representation space. The sin- 
gle particle Hilbert space is the space of square integrable functions of the 
eigenvalues. 

The irreducible representations of the ISL{2, C) were classified by Wigner 
[H] |2Z1 |2H] • The displacement — between events a and b can be 
classified into six invariant classes depending on whether this displacement 
is zero, lightlike positive time, lightlike negative time, spacelike, timelike 
positive time, timelike negative time. 

The irreducible representations corresponding to massive particles are the 
timelike positive-time representations. These irreducible representations of 
ISL{2, C) are labeled by the invariant eigenvalues of the mass (jl8j) and spin 
operators ()20|). For a particle the mass eigenvalue m is discrete and the spin 
operator has the eigenvalue j{j + 1) where j is the spin of the particle. 
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The state of a structureless particle of mass m and spin j is determined 
by specifying the eigenvalues of a maximal set of commuting self-adjoint 
operators. These operators are the invariant mass M, the spin and four 
independent functions, = F*(P^, J^'^), of the ISL{2,C) generators. The 
operators cannot be invariant. They are arbitrary independent functions 
of the ISL{2, C) generators subject to the constraints: 

F' = {F'y [F\F^] = (21) 

[F\M] = [F\j'] = 0. (22) 

For particles with structure, additional invariant degeneracy operators are 
needed to get a maximal set of commuting operators. 

The traditional choice for the operators F^ are the three components 
of the linear momentum P and the 2;-component of the canonical [21] spin 
z ■ j^. In some applications it is advantageous to use the four velocity, the 
light-front components of the four momentum, or their conjugate variables. 
The helicity or light-front spin is sometimes used instead of the canonical 
spin. Any of the spin observables could be replaced by a component of the 
Pauli-Lubanski operator. These special cases are treated in Appendix I. Each 
choice of corresponds to a single particle basis. In this paper the operators 

are assumed to have a spectrum independent of the mass eigenvalue. This 
condition is not very restrictive and holds for all conventional choices. 

The Hilbert space for a particle of mass m and spin j can be represented 

as the space of square integrable functions of the eigenvalues of the operators 
pi. 

= [{fm J rf/i(/)l(/l^)l'} < oo (23) 
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where / = {/^ ■ ■ ■ Z"^} and / dfi{f) indicates a sum over the discrete eigen- 
values and an integral over the continuous eigenvalues of F*. 
Basis vectors have the form 

\f):=\f{m,j)):=\f\f,f,f;m,j). (24) 

The normalization convention is 

{f\f')=S[fJ'] (25) 

where S[f,f'] is the product of Dirac or Kronecker delta functions in the 
variables 

Irreducibility requires the transformation property: 

U[A,Y]\f;m,j) = J \f;m,j)df,{f)Vf4[A,Y] (26) 

where 

Vj,'}[A,Y]S^>mS,', := {f';m',f\U[A,Y]\f;m,j) (27) 

is the mass m, spin j irreducible representation of ISL{2, C) in the basis . 
The D-function includes 5-functions that eliminate the integrals over the 
continuous spectrum in (j26p . Unitarity of the group representation property 
require: 

Vp}[A, Y] = {vjj,[A-\ -AYA^])* (28) 

and 

J Vp}„ [As, Y2]d^^{nVJ,;^J[A^, Y^] = D^f/A^Ai, A^FiA^ + K,]. (29) 

The restriction on the spectrum of implies that range of values of / in 
Vj',j[A,Y] is independent of m. 
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Explicit representations for the ISL{2, C) Wigner P-functions correspond- 
ing to different are given in Appendix I. The form of the P-functions is 
basis dependent. 

Irreducible representations in a basis of simultaneous eigenstates of a 
different set of commuting self-adjoint functions, G*, of the generators are 
related to the representations in the basis by: 

= / md^i{f)vlf[^,YWU'){fy) (30) 

where 

{f\9)Smm'Sjf := {f;m,j\g;m',j'). (31) 

The coefficient functions {f\g) can depend parametrically on the mass or spin. 
This parametric dependence on the mass is responsible for the dynamical 
differences that arise with different basis choices. 

6 Clebsch-Gordan Coefficients 

In this section Clebsch-Gordan coefficients |H]EZI |2H||2n| and Racah coeffi- 
cients of ISL{2,C) are defined. These are used to expand tensor products 
of irreducible representation as linear superpositions of irreducible represen- 
tations and to transform between irreducible bases with different degeneracy 
quantum numbers. 

The tensor product of irreducible representations of ISL{2, C) is re- 
ducible. The ISL{2, C) generators for a tensor product of two irreducible 
representations are 

P^' = ® /2 + /i ® (32) 



13 



= Jf'^ 72 + A (8) J!^". (33) 
These operators act on the space 

'H — Hmih ® '^m232- (34) 

The operators F' = F\P^', >^), M = M{P'', >^), and = fiPf", >^) 
are commuting self-adjoint operators on 7i. Because the tensor product is re- 
ducible, these operators do not define a maximal set of commuting self-adjoint 
operators. There are additional ISL{2, C) invariant degeneracy operators 
that distinguish multiple copies of the same irreducible representation. The 
degeneracy operators £)* normally include the invariant operators Afi, ji, M2, 
j2 of the factors of the tensor product and additional operators, ^12, that 
distinguish multiple copies of the m,j representation in the tensor product 
of the mi, ji and m2, J2 representations. 

The operators & are invariant, self-adjoint functions of the single particle 
generators. The operators M, j^, ■ ■ ■ F^, Z)^, ■ • • t)^ form a maximal set of 
commuting self-adjoint operators on Ti. Examples are given in the Appendix 
II. 

The (/, d) basis is the ISL{2, C) -irreducible basis for the tensor product 
space defined in terms of simultaneous eigenstates, |/, m,j) of 

{F\D'{M,j')}. (35) 

It follows that 

U,[A,Y]®U,[A,Y]\f,d;m,j)^ J \f,d;m,j)di,{f)Vj,'}[A,Y] (36) 

where ©^ ^[A, Y] is the irreducible representation matrix for a single particle 
of mass m spin j. The D-function is independent of the invariant degeneracy 
parameters, d. 
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The coefficients 



{fi;mi,ji : f2;m2,j2)\f,d;m,j) (37) 

are Clebsch-Gordan coefficients of tlie Poincare group in tlie (/, d) basis. 
They are the kernel of the unitary transformation that relate tensor products 
of ISL{2, C) irreducible representations to direct integrals of irreducible rep- 
resentations. The ISL{2, C) Clebsch-Gordan coefficients have similar prop- 
erties to SU (2) Clebsch-Gordan coefficients: 

/l)-,f[A,F]I)-,f[A,F]rf/.(/(/^)x 

if 1,1^11, ji : f!i;m2,j2\f,d;m,j) = 

/ (/i;mi,ji : f2;m2,j2\f,d;m,j)df,{f)Vj,'}[A,Y]. (38) 

The new feature is that the irreducible representations are labeled by two 
Casimir operators and the mass operator has a continuous spectrum. 

It is sometimes useful to replace the mass operator M of the tensor prod- 
uct of two irreducible representations by the invariant relative momentum 
q^, which has absolutely continuous spectrum, [0,oo): 

— ^— — ? i ^. 39 

The Clebsch-Gordan coefficients have different forms in different bases. 
If (/, d) —>■ {g, k) then the Clebsch-Gordan coefficients in the (/, d) basis are 
related to the Clebsch-Gordan coefficients in the {g, k) basis by 

{9i;mi,ji : g2;m2,j2\g,k;m,j) = 
15 



l{9i\f[){92\f^)dM)dM)x 
{f[;m,,j, : f^;m2, j2\f' , d';m, j)dfiif' , d'){f' , d'\g, k) (40) 

where 

{9i\fl)Sjd',^mM^ ■■= {9i;mi,ji\fi;m'i,j[) (41) 

and 

6,,,6{m-m'){f,d\g',k') := {f,d-m,j\g',k'-m',f). (42) 

The Hilbert space for a system of A^-particles is the N-fold tensor product 
of single particle Hilbert spaces: 

'H = 'Hrn,j,®---®'Hmj,j^. (43) 

The non-interacting representation of ISL{2, C) on Ti is defined by 

f/o[A, Y] := f/i[A, r] ® ■ ■ ■ ® ?7jv[A, Y] (44) 

where the subscript is used to denote the non-interacting system. It follows 
that 

^o[A,y]|/i;mi, ji ■ ■■ fN]mN,iN) = 

N 

|/(; mi, ji :■■■/;; m^,j^)dfxif[ ■■■/;) I] ^^/^f t^, Y]. (45) 

i=l 

As in the case of SU{2), the tensor product of irreducible representa- 
tion spaces can be decomposed into a direct integral of irreducible represen- 
tation spaces using successive pairwise coupling. The invariant degeneracy 
operators depend on the order of the coupling. It is also possible to use 
a simultaneous coupling scheme based on Mackey's [SO. theory of induced 
representations P which leads to a symmetric couphng. 
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Successive pairwise coupling is illustrated for the three-particle system: 

\f,d{(i2)3y,m,j) = 
j \fi;mi,ji : /2;m2,i2 : /3;^3, j3)c?/^(/i)c?/^(/2): 
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(/i ; mi , ji : /2 ; m2 , i2 1 /12 , {rriu , ji2)) dix{fi2)dix{h)dn{mi2 , ju) x 

(/i2;mi2,ji2 : f3;m3,j3\f,di2,3]m,j) (46) 
where the invariant degeneracy parameters are 

C^12,3 = {dl2,mi2,jl2,m3,j3,ri2,3} (47) 

with 

di2 = {mi , ji , m2 , i2 , ri2 } . (48) 

Changing the ordering of the coupling from ((12)3) to ((23)1) changes 
the degeneracy parameters from {ri2, J12, mi2, ^2,3} to {r23, J23, "^23, r23,i}, 
leaving the operators M, and unchanged. The overlap coefficients have 
the general form 

(/, dab,c{m, j) I/', def,g{m', j')) = 

S[f,f%r5(rn-rn')R2l,,^^. (49) 

The invariant quantities -R™'"' ^, arc Racah coefficients for /5'L(2, C). They 
are the kernel of the unitary transformation that changes the choice of de- 
generacy labels in subspaces corresponding the same mass, spin, and vector 
labels /. They are independent of /. 

The Racah coefficients are important for performing computations be- 
cause, as in the case of rotations, some operators have a simple form when 
the couplings are done in a specific order. Since many of the operators are 
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defined in specific representations, the Racah coefficients are needed for the 
evaluation of the abstract operator expressions. 

The term Racah coefficient is used to indicate any change of irreducible 
basis with matrix elements of the form ()49|) . Examples of Racah coefficients 
in representative bases are given in Appendix II. 

7 Relativistic Scattering Theory 

Relativistic scattering theory is formulated in this section. A kinematic sub- 
group is not assumed. The two-Hilbert space formulation j21jH]ISI] is used 
to treat multichannel scattering theory. The notation of this section follows 
Conditions on the interactions that are sufficient for a sensible rela- 
tivistic scattering theory are discussed. Relativistic two-Hilbert space wave 
operators are essential elements of the general construction. 

In this section the dynamical representation U[A, Y] of ISL{2, C) is as- 
sumed to be given. The construction of f/[A,y] is the main topic of the 
remainder of this paper. 

The first step in formulating relativistic scattering theory is to determine 
the bound states of U[A, Y]; subsystem bound states are needed to formulate 
the asymptotic conditions in multi-channel scattering. 

Bound states are associated with point eigenvalues of the mass and spin. 
For each bound-state channel at there is an irreducible subspace of H. Vec- 
tors in the bound state subspace can be expressed as linear superpositions of 
simultaneous eigenstates of M,j^,F*: 

\K) = I \f:m^,Ja)dKf){f\x) (50) 
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where in this expression = F^{P^, J^'^) are functions of the generators of 

The channel eigenstate |/; ma^,ja^) can be considered as a mapping, ^a^, 
from the channel Hilbert space Ti-a^: 

-Ha, = {{f\Xa)\ J |(/|Xa)|X/) < 00} (51) 

to the invariant bound-state subspace of the Hilbert space Ti: 

$aJXa) := \(l>at) = J \ f ] ja)dfiif) {f \Xa) ■ (52) 

For each bound channel there is a channel injection operator ^'^d a 
channel Hilbert space Tia^. Since the bound channel spaces are irreducible 
representation spaces with respect to U[A, Y], the channel eigenstates trans- 
form irreducibly 

f/[A,r]|/;m„,,j,J = 
/ \f';m^„j^,)dfxif')Vj,y-^[A,Y]. (53) 
Equation can be expressed in terms of the channel injection operator 

as 

?7[A,r]<l„, = <l„,?7„JA,r]. (54) 

Scattering states are solutions of the time-dependent Schrodinger equa- 
tion that look like mutually non-interacting bound or elementary subsystems 
in the asymptotic past or future. To formulate the asymptotic condition let a 
denote a partition of particles into disjoint non-empty clusters. Denote 
the z-th cluster by and the number of particles in the z-th cluster by . 

For any partition a, the A^-particle Hilbert space can be factored into a 
tensor product of subsystem Hilbert spaces '■ 

n = ®r=iK. (55) 
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'Ha, = ®l(^ajimar (56) 

A partition a has a scattering channel a if the subsystem dynamics 

lJaA^y]:na,^na, (57) 

associated with each cluster of a is either a one particle cluster or has a bound 
state. 

For each bound subsystem channel, ctj, there is an injection operator, an 
asymptotic Hilbert space: 

: ^ (58) 

and an irreducible asymptotic representation f/a-[A,y] of ISL{2,C) on Ti^i 
satisfying: 

UaAA,Y]^a,=^aAA^,y],- (59) 

These relations hold trivially for the one particle clusters. The asymptotic 
Hilbert space for the scattering channel a is defined as the tensor product of 
the bound channel subspaces for the subsystems: 

= ®r=i^«,- (60) 

The channel injection operator 

^a-^a^n (61) 

is defined by 

^a:=®7=iK- (62) 
It follows from ()59|) that $0, satisfies the intertwining relation 

Ua[A,Y]^a = ^aUa[A,Y] (63) 
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where 

f/4A,r] ■=®zAA^.y] (64) 

and 

t/„[A,r] :=®«:,f/,JA,y]. (65) 
In this notation a scattering state is a solution 

\^^{t)) = U[I,T]\i^t) T:=tao (66) 

of the time-dependent Schrodinger equation satisfying the asymptotic condi- 
tion 

hm \\\^p^it))-Ua[I,T]^.\Xa)\\ (67) 

t — ^■ibCxD 

for \xa) e T-Ca- 

Equation (jU^ can be used to express the asymptotic condition as 

hm \\\ij^)-U[I,-T]Ku4l,T]\xa)\\=0 (68) 

t — ^±oo 

which is identicaUy satisfied by the bound-state channels. 
Equation (jUHj) can be expressed as 

■=^a±\Xa) (69) 

where the channel wave operators 

^a± -.na^n (70) 

are defined by the strong limits 

n„±:= lim U{I,-T)^^UM,T). (71) 
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A sufficient condition for the existence of the channel wave operators is the 
Cook condition ^32|: 

/ \\VMl.^T)\x)\\dt<^ (72) 

Jtc 

where tc is any constant and 

:= - ^^H^. (73) 

The scattering operator for scattering from channel a to channel f3 is the 
mapping from Ha Hp defined by 

Spa '■= ^jj+^a-- (74) 

This is can be expressed compactly in a two-Hilbert space notation, where 
the asymptotic Hilbert space, Tij, is the orthogonal direct sum of all of the 
channel spaces, including the bound state channel spaces: 

= ®aHa. (75) 

A two-Hilbert space injection operator 

^A-nA^n (76) 

is defined as the sum of the channel injection operators 

^A = T.^o. (77) 

a 

where it is understood that each <I>q, acts on the channel subspace Tia of Ha- 
There is a natural unitary representation of ISL{2, C) on Ha which trans- 
forms the particles or bound states as tensor products of irreducible repre- 
sentations: 

UA[^^Y]=Y,Ua[KY] (78) 

a 
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where ?7«[A, F] : 7^^. 

The bound state solutions and the scattering asymptotic conditions can 
be replaced by one two-Hilbert space equation: 

n^{H,^^,H_A) = lim U[I,-T]^^U^[I,T] (79) 

t — ^±00 

where the limit is a strong limit. The wave operators Q±{H,^j^^, Hj{) are 
mappings from H_a — ^ 'H. 

The scattering operator 5 is a mapping from Ha Ha defined by 

S := nl{H, ^A, HA)n_{H, ^A, Ha). (80) 

The dynamics is asymptotically complete if the two-Hilbert space wave 
operators Q±{H, $_4, Ha), which include all bound state channels, are unitary 
mappings from Ha to H. In all that follows the two-Hilbert space wave 
operators are assumed exist and to be unitary. These properties can be 
proved using the same methods used in non-relativistic scattering theory. 

Fong and Sucher [33] |2] [H^ |M| showed that relativistic invariance of the 
scattering operator does not follow from the existence of ?7[A,y]. This is 
because the ISL{2, C) transformations must commute with the limiting op- 
erations that are used to construct the scattering operator. 

Invariance of S is equivalent to the condition 

[f/^[A,F],^]_=0. (81) 

The following theorem provides a sufficient condition on f/[A, Y] for the 
ISL{2, C) invariance of the S"- matrix: 

Theorem 1: Let VL±{H,^a,Ha) be asymptotically complete two Hilbert 
space wave operators. A sufficient condition for S to be ISL{2, C) invariant 
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is that for all A and Y 



hrn^ (1.^ - J7t[A, Yj^^U^A, Y]) U^[I, T] 







(82) 



and for any Y of the form Y = y ■ a 



hrn^ (l>^ - t/t[/, Yt]^^UAl, Yt]) U^I, T] 



0. 



(83) 



The limits above are strong limits. They must hold for both time directions. 

Theorem 1 provides sufficient conditions on the interactions in the gener- 
ators for a sensible relativistic scattering theory. The proof of this theorem 
is given in Appendix III. 

The proof of Theorem 1 has a number of useful corollaries: 
Corollary 1 If the conditions of Theorem 1 are satisfied, then 



This intertwining property ensures the ISL{2, C) invariance of S. 
Corollary 2 If the conditions of Theorem 1 are satisfied, then 



where y is any future-pointing time-like 4-vector. 

This means that all future pointing time-like directions are equivalent for 
the purpose of formulating the asymptotic condition. 

Corollary 3 If the conditions of Theorem 1 are satisfied, then 



(84) 



Q±(//, Hj,) = Q±(P • y, Pj, ■ y) 



(85) 



0±(i/, HX) = 0±(M, M^) 



(86) 
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This shows that in apphcations the Hamiltonian can be replaced by the 
mass operator in the wave operators. Both representations of the two-Hilbert 
space wave operators are used in the remainder of this paper. 

Theorem 1 and its corollaries define conditions on the interactions that 
ensure that the dynamics is consistent with naive expectations for a relativis- 
tic scattering theory. In all that follows it is assumed that the two-Hilbert 
wave operators exist, are complete, and the dynamical operators satisfy (jH^ 
and 

8 Cluster Properties 

Cluster properties provide the essential connection between the few and 
many-body problem. The cluster property requires that few-body interac- 
tions in the few-body problem are identical to the few-body interactions in 
the many-body problem. This establishes the justification for performing 
experiments on few-body systems. 

The difficulty in satisfying cluster properties is that the interactions that 
appear in the ISL{2, C) generators are uniquely determined by cluster prop- 
erties up to an A^-body interaction. Unfortunately, the ISL(2, C) commuta- 
tion relations put non-linear constraints on the A^-body interactions which 
cannot be satisfied by setting these interactions to zero. 

To formulate cluster properties let a be a partition of the particle sys- 
tems into Ua disjoint clusters. Let tJa^ [A, Y] be the subsystem representation 
of ISL{2, C) for the particles in the i-th cluster of a. Define the cluster 
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translation operator Ta(Yi, ■ ■ ■ , YnJ on Ti. by 

t[Y,,---,Y^^ :=®?7aJ/,y,]. (87) 

The dynamical representation of the Poincare group satisfies strong clus- 
ter properties if for all partitions a and all |x) G 7i 

hm \\(u[A,Y]-®ZAA^,Y])f4Y,,---,Y^^]\x)\\=0. (88) 

Cluster properties will hold if (a) 

f/[A,F] ^ f/,[A,r] = ®r=i^aJA,>^] (89) 

when the interactions involving particles in different clusters of a are set to 
zero and (b) all of the interactions in each generator G satisfy: 

hm ||(G-G,)fjFi,---,rj|x)||=0 (90) 

where G and Ga are the ISL{2,G) generators associated with ?7[A,F] and 
f/a[A,F] respectively. 

Condition (a) is called the algebraic cluster property [2]. It puts the non- 
linear constraints on the interactions of a relativistic quantum theory. It 
ensures that once the interactions between particles in different clusters are 
turned off the remainder is a tensor product. This condition is non-trivial 
because it must hold for every possible clustering. 

The condition (b) is related to the range of the interaction. If the opera- 
tors satisfy algebraic cluster properties the proof of the short range condition 
is similar to the non- relativistic proof 41J of cluster properties. In all that 
follows the interaction terms are assumed to satisfy condition (b). 
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When U[A, Y] does not satisfy algebraic cluster properties the limit (|HH|1 
may not exist. A typical consequence is that the cluster limit eliminates 
interactions between particles in the same cluster |29] . 

The cluster condition ()88|) is a strong form of the cluster condition. It 
is also possible to formulate a weaker form of the cluster condition that 
applies only to the scattering matrix |2I. The stronger form is needed for the 
recursive construction in sections 12 and 13. 

9 Scattering Equivalences 

There is a large class of dynamical models with the same S'-matrix. These 
models are called scattering equivalent models [3^1 • The freedom to trans- 
form between scattering equivalent models with different properties is an 
important tool for realizing cluster properties. What separates scattering 
equivalent models from unitary equivalent models is that scattering equiv- 
alent models do not change the description of free particles. They provide 
a parameterization of the freedom that is created by restricting the class of 
physical observables to asymptotic quantities (t ±oo). 

While scattering equivalences necessarily preserve cluster properties of 
the S'-matrix, they do not preserve cluster properties of the representation 
f/[A,F]. Because of this property, scattering equivalences can be used to 
restore cluster properties of the dynamics. 

The key to understanding scattering equivalences is to understand the 
algebra of operators that are asymptotically zero. A bounded operator Z 
on the A^-particle Hilbert space is asymptotically zero if the following strong 
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limits vanish 

lim ZlJo[LTm = Q- (91) 

I— »±oo 

lim Zt[/o[/,T]|V') = 0; (92) 

t— >±oo 

for both time limits, where 

T = taQ. (93) 

The subset of bounded operators that are asymptotically zero are denoted 
by Z. It is straightforward to show that for Zn & Z and a complex that 

aZi + ^2 e Z (94) 

Z1Z2 e Z (95) 

z\ e Z (96) 

||Z„-Z||^0=^ZeZ. (97) 

Including the identity makes a C* algebra, which we call the algebra of 
asymptotic constants, C. 

A scattering equivalence A is a unitary member of C that is asymptotically 
equal to the identity /: 

lim (i-7)C/o[/,r]|V')=0; (98) 

t— >±oo 

hm (it-7)C/o[7,T]|V') = 0; (99) 

t— >±oo 

The relation of these operators to scattering is through the following 
theorems: 

Theorem 2: Let A be a scattering equivalence. Let VL±{H , ^ ji^, H be 
asymptotically complete two Hilbert space wave operators. Let H' — AHA^ 
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and = A^A- Then Q±{H' HX) exist, are asymptotically complete, 
and give the same 5" matrix as Jl±(-ff, Ha)- 

The proof follows from the identity 

Afl±{H, 1.^, H^) = n±{H', Hj,). (100) 

While the structure of the injection operator depends on the represen- 
tation of the subsystem bound states, it must become the identity in the 
scattering channel, {a — ao), corresponding to N free particles. Note that 
= AI = i + Z ^ i where Z is asymptotically zero. This ensures that 
<l>^ can be replaced by another injection operator, with l>^^ = /: 

^\ = ^'A-5^aoZ. (101) 

It follows that 

o±(iy', H^,) = n^{H', H^,) (102) 

where ^'^^^ = 1. 

Scattering equivalences are naturally constructed from pairs of wave op- 
erators that give the same ^-matrix. 

Theorem 3: Let 0± := Q±{H , ^ j^, H j^) and Vt'^ := n±{H' H^C) be 
asymptotically complete wave operators that give the same scattering matrix. 
Then there is a scattering equivalence A satisfying H' — AhA^. 

To prove Theorem 3 note that the assumptions imply 

S = = (103) 
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Asymptotic completeness implies 

A := (I'^Cll = (104) 
This definition and the intertwining relations |41j for the Hamiltonian give 

ahA^ = q'^Hj^qIa^ = 

H'Q'^QIA^ = H'. (105) 
Equations ()104p and (jlOSp imply 

Q^{H\^'^,H_a) = AQ^{H,^_a,Ha) = n^{H',A^^,H^). (106) 

The equality of the first and last terms gives the strong limit 



Unitarity of A gives 



hm {<^'^-A^^)U4l,T] = 0. (107) 

t—>±oo 



hm {A^^U-^a)Ua[I,T] = 0, (108) 

t — >±oo 



restricting to the channel, using = ^'ao ~ ^ ^aoi^i'^] = Uo[I,T] 
gives 



and 



lim (A-/)f/o[/,T] = (109) 



hm (it_/);7o[/,T] =0 (110) 

t — ^ihoo 



which establishes that A is a scattering equivalence. 

This shows that if two asymptotically complete wave operators give the 
same scattering matrix then the Hamiltonians are related by a scattering 
equivalence. Since A is unitary it follows that 

U'[A,Y] := AU[A,Y]A^ (111) 
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is a scattering equivalent representation of ISL{2,C). 

The important property of the scattering equivalences is that they are the 
unitary elements of the C* algebra of asymptotic constants. The C* algebra 
can be used to construct functions of the non-commuting scattering equiva- 
lences. When these functions are unitary and can be expressed expressed as 
uniform limits of elements of this algebra, they are scattering equivalences. 
This provides the mechanism for constructing scattering equivalences with 
specialized properties. 

10 BirkhofF Lattices: 

The construction of operators satisfying cluster properties requires a signifi- 
cant amount of algebra involving cluster expansions of operators. The theory 
of Birkhoff lattices [37] [SH] 110] |2] facilitates the required algebra. It pro- 
vides closed-form expressions relating different standard cluster expansions 
of operators. 

Let V denote the set of all possible partitions of N-particles into disjoint 
non-empty clusters. There is a natural partial ordering on V given by 

a^b (112) 

if and only if every pair of particles in the same cluster of b is in the same 
cluster of a. This means that b can be obtained from a by breaking up 
clusters. 

The Zeta and Mobius functions [^H] IIH] for this partial ordering are integer 
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valued functions onV x V defined by 



1 aDb 



C(a D b) 



(113) 



otherwise 



and 



/i(a D 6) = C {a D b) 



(-rnr=i(-r^K-i)! 



(114) 







otherwise 



where 71^. are the number of clusters of b in the i-th cluster of a. Note that 
both ({a ^ b) and fi{a ^ b) vanish unless a ^ b. 

Intersections and unions, a fl 6 and aU b, of two partitions a and 6 are 
defined as the greatest lower bound and least upper bound with respect to 
this partial ordering. 

It follows from the definitions that 



The set of partitions with the operations U and fl form a semimodular 
lattice ^7\, called a partition or BirkhofF lattice. It provides a convenient 
means for keeping track of interactions. Let O be an operator that is a 
function of the physical ISL{2,C) infinitesimal generators. Imagine putting 
a parameter Aj in front of each interaction that appears in the the physical 
ISL{2, C) generators. The operator Oa is defined to be the result of turning 
off the interactions between particles in different clusters of a. In general the 
operator Oa will include the contributions of operators in O}, for all a D b. 
These can be recursively subtracted to construct truncated contributions [0]i, 



C((«n6)Dc)=C(a^c)C(6 3c) 



(115) 



C(«^(&Uc)) = C(a^&)C(a^c). 



(116) 
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to Oa- The truncated operators [0]a vanish whenever interactions involving 
particles in any cluster of a are turned off. The the Mobius function can be 
used to generate closed form expressions for the truncated operators in terms 
of the untruncated OaS: 

[Ol:=Y.K(^^b)0,. (117) 

b 

This can be inverted using the Zeta function to get 

Oa:=J2CiaDb)[0],. (118) 

b 

If this is applied to the case where a is the 1-cluster partition, this becomes 

O = Y.[0]b. (119) 

b 

While this generates the standard relations between ordinary multipoint 
functions and truncated multipoint functions based on cluster expansion 
methods, use of the lattice structure, and specifically the underlying par- 
tial ordering, has advantages that are useful in the recursive construction 
described in sections 12 and 13. 

11 Two-Body Problem 

The construction of two-body models follows The two-body Hilbert 

space is the tensor product of single particle spaces 

H = Timiji ® '^m.2j2- (120) 

Choose a basis (/, d) and use the Clebsch-Gordan coefficient: 

{fi;mi,ji : f2;m2j2\f,d;mj) (121) 
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to construct an irreducible free-particle basis. The states 

\Ld;m,j) (122) 

transform as mass m spin j irreducible representations of ISL{2, C) with 
respect to the non-interacting representation 

Uo[k,Y] := ?7i[A,F] ® [/2[A,F]. (123) 

Using the ISL{2, C) transformation properties it is possible to construct 
operators AFq that change the value of holding the values of f^, {j 7^ i) 
constant. If Fq has a continuous spectrum these operators are proportional 
to partial derivatives 

Af?- = <^ (124) 

holding f'';k j constant. If Fq has discrete eigenvalues, a suitable AFq 
can typically be expressed in terms of a raising or lowering operators. 

The operators Mq , Jo, Fq, AFq are functions of the free particle gen- 
erators. Expression for the generators in terms of these operator can be 
constructed using the ISL{2, C) P-functions: 

{f,d;m,j\Ko\f',d';m,s) := 

i-^V'^f,[A{9 = 0, p), 0]5[d, d']5{m - m%i> (125) 
op 

{f,d;m,j\Jo\f,d';m,j) := 
i-^Vjj,[A{e, p = 0), 0]5[d, d']5(m - m')5jf (126) 

{f,d;m,j\P^\f,d';m,j) := 
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- i-^^'^mi, yiy)W, d']5im - m%r (127) 

where all derivatives are computed at 0. 

The chain rule gives exphcit expressions for the ISL{2, C) generators in 
terms of the operators Mo,jQ, Fq, AFjo: 

P,^^P^{Mo,jo,n,AF^) (128) 

Jo^'^ = >'^(Mo,io,Fo^AFo^). (129) 

These expressions can be inverted to express Mq, io> -^o> ^^io terms of the 
ISL{2, C) generators: 

Mo = M(Po^ JH (130) 

3l-Jo{P^Jn (131) 

Fo^ = F^■(Po^io^ (132) 

AF,o^AF^{P,^,jn- (133) 

Examples of these operators for specific basis choices are computed in Ap- 
pendix I to illustrate the general procedure. 

Since is a Casimir operator for ISL[2,C), it necessarily commutes 
with Jo, Fq, and AFq. The ISL{2, C) commutation relations follow as con- 
sequences of the commutation relations of MqijI, Fq, and AFq. 

It follows that in order to construct a dynamical representation of ISL{2, C) 
it is enough to replace Mq by an operator M = Mq + V which also commutes 
with Jq, FiQ, and AFjo- With this choice of interaction it follows that the 
operators 

Po^ ^P^^ P^{M, jl Fl AFoO (134) 
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Jl^^ ^ = J^-^(M/jI Fl AF^) (135) 

automatically satisfy the ISL{2, C) Lie algebra. 

Cluster properties are satisfied for sufficiently short-range interactions. 
For the interaction to be non-trivial it should also satisfy 

[M, Mo] 7^0 (136) 

and the spectral condition, Mq > V ■ In general the interaction can be treated 
as a perturbation of different functions of Mq, such as Mq. In all cases the 
interactions can be put in the form M = Mq + by defining V := M — Mq, 
independent of how M is constructed. The spectral condition constrains the 
interaction. 

In the free particle irreducible basis an interaction V commuting with 
Jo, -^0, and AFq has a kernel with the structure: 

{f,d;m,j\V\f\d'; m',f) = 

6[f,f%Ad,m\\Vj\\d',m'). (137) 

The dynamical generators are given by ()134|) and ()135|) with M = Mq + V. 
If the expression for a generator in (jl34j) or (jl35|) has an explicit mass depen- 
dence, the corresponding operator will be interaction dependent. Depending 
on the choice of basis (/, d) between three and ten generators will have an ex- 
plicit interaction dependence. Dirac's forms of dynamics result from specific 
basis choices. A generic choice will not have a kinematic subgroup. 

While it is straightforward to derive explicit expressions for the generators 
in terms of the F*'s, (see Appendix I) it is easier to directly solve for the 
dynamics in the free particle basis |/, d; m,j). 
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In this basis M, Fq, jq can be simultaneously diagonalized: 

{f,d';m',j'\f;m,j) = 6[fJ%r<j>Ud' ,m') (138) 

where (pinid', m') is the solution of the mass eigenvalue equation 

(m - m')04(c/', m')=Y,j dm"dd"{d', m'\\Vj\\d"m")(j4^{d" , m"). (139) 

For suitable interactions M will be self-adjoint and the eigenstates |/, d] m,j) 
will define a complete set of simultaneous eigenstates of M, Fq, Jq. Solving 
equation (|139|) is of comparable difficulty to solving the time-independent 
non-relativistic Schrodinger equation. It is assumed that the eigenstates 
include two-body bound states and scattering states satisfying incoming and 
outgoing wave asymptotic conditions. 

Since the expressions (I125H127() for the ISL{2, C) generators were de- 
rived by evaluating the infinitesimal transformations in an irreducible basis, 
and {Mq, Fq, AF\ Jq} and {M, Fq, AF*, jo} have the same commutation re- 
lations, the action of the dynamical representation of ISL{2, C) on the eigen- 
states I/; m, j) has the same form as the free dynamics on |/, d; mo,j), with 
the eigenvalue of Mq replaced by the eigenvalue of M. It follows that 

U[A,Y]\f;m,j) = \f;m,j)df,{f)Vf;}[A,Y]. (140) 

Since the states \f;j,m) are complete, this defines f/[A, y] on H. Since m 
is the eigenvalue of a dynamical operator, all of the mass dependent parts of 
r'Pj[A,F] are interaction dependent. 

This construction gives (1) an explicit expressions for the interaction de- 
pendent ISL{2, C) Lie algebra, (2) a solution of the 2-body dynamics ex- 
pressed as a direct integral of irreducible representations of ISL{2,C), (3) 
and an explicit unitary representation of ISL{2, C) on Ti. 
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This construction can be done in any irreducible basis. Consider the same 
construction in two bases (/, d) and {g, d) where, for simphcity, the degener- 
acy operators in both bases are assumed to have the same spectrum. In one 
model the interaction commutes with while in the other the interaction 
commutes with G*. Because M does not commute with Mq, if the relation 
between the (/, d) and {g, d) bases involves the mass, these two interactions 
cannot be the same. 

Nevertheless, the form of the dynamical equation (|139|) is identical in both 
cases. Both will give the same bound state masses and scattering matrix el- 
ements. It follows, using Theorem 3, that the dynamical models constructed 
using the free particle bases 

(F,d,Mi) and (G, rf, M2) (141) 

are scattering equivalent and are related by 

A = fi±(Mi, <l>i, M^)fii(M2, <l2, Ma)- (142) 

The transformation A is not simply a change of basis; it is interaction depen- 
dent and changes the nature of the interactions. This illustrates the relation 
of the basis choice to the structure of the dynamics. 

To understand the nature of the interaction dependence of A note that 
both wave operators in p42|) need to be computed in the same basis. This 
leads to an expression of the form 

= |(/|fi±(M^,<i^,M^)i/'V/i(r)(ri/)^rf/^(/)x 

{g''\ni{Mg,^g,M^)\g')d^^{g'){gy'). (143) 
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If the change of basis f ^ g involves the mass parametrically, then {f\g)A will 
involve the physical mass eigenvalues while {g\f) involves the non- interacting 
masses. The interaction dependence is due to having the interacting mass in 
one of these expressions and the free mass in the inverse expression. In the 
limit that the interactions are turned off, this becomes the identity. 

This completes the construction of the two-body dynamics. The con- 
struction provides a relativistic two-body model for any choice of basis and 
ISL{2, C) Clebsch-Gordan coefficient. 

To illustrate the structure of the dynamical equation in a familiar ba- 
sis consider the case (see Appendix II) that F = {P,jcz}, correspond- 
ing to the linear momentum and z-component of the canonical spin, and 
£)' = {ji,mi, j2,m2, l, s} where /, s are two-body orbital and spin angular 
momenta. The matrix elements of V = M — Mq have the form: 



the matrix element ()144j) has the same structure as the corresponding non- 
relativistic interaction. The eigenvalue equations ()139p becomes: 



(p, /i, /, s; m, j \V\p', /i', /', s'; m', f) 



6{p- p')5^^>6jf{l,s,m\\V^\\l', s',m). 



(144) 



If m is replaced by the kinematic momentum q defined by 




(145) 



(m - ^q^ + ml + \j q^ + ml)(j)^^{l, s, q) 




(146) 
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12 The N-Body Problem 



The formulation of the A^-body problem is by induction. The construction 
follows P] [2] [HI- What is different is that the notion of "form of the dynamics" 
is replaced by a choice (/, d) of basis for ISL{2, C) irreducible representation 
spaces and associated Clebsch-Gordan coefficients. 

The construction of the A^-body dynamics exploits the scattering equiva- 
lence of two representations of ISL{2,C). One representation satisfies alge- 
braic cluster properties and the other has a kinematic spin, which is useful 
for the ISL{2, C) invariant addition of interactions. 

The construction begins with the decomposition of the system into in- 
teracting subsystems, which are obtained by turning off the interactions be- 
tween particles in different clusters of a partition a. The tensor product of 
the subsystem representations define unitary representation of ISL{2, C) on 
the N-body Hilbert space. These representations are reducible and have in- 
teractions in both the N-body mass and spin operators. As a runs over all 
partitions these representation contain all interactions except the A^-body in- 
teractions. Because the mass and spin operators for different decompositions 
into subsystems do not all commute, these tensor product representations 
are not suited to ISL{2, C) invariant addition of interactions. 

In order to facilitate the invariant addition of interactions, scattering 
equivalences are introduced that transform each of the tensor product repre- 
sentations into scattering equivalent representations of ISL{2,C) where j^, 

and AF^ are free of interaction. In these representations all of the interac- 
tions are in the mass operators. Linear combinations of the mass operators for 
different decompositions into subsystems can be used to construct an over- 
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all N-body mass operator M that still commutes with the non-interacting 
operators Jq, Fq, and AFg- 

The existence of the required scattering equivalences follows by induction 
from properties of the two-body solution. This is different than the solution 
presented in j2j where the kinematic subgroup and the p = condition played 
a central role in establishing the required scattering equivalences. 

The properties of M guarantee that ISL{2, C) generators expressed as 
functions of M, j'q, Fq , and AFJ satisfy the ISL(2, C) commutation relations. 
The associated unitary representation of ISL{2,C), which is constructed 
using the same method used in the two-body construction, does not satisfy 
algebraic cluster properties for > 2. Cluster properties are restored by 
constructing a suitable scattering equivalence, which introduces additional 
many-body interactions and introduces a non-trivial interaction dependence 
in the spin. 

The induction begins with the two-body dynamics formulated in the pre- 
vious section. The dynamical two-body representation, U[A, Y], of ISL{2, C) 
satisfies: 

• It becomes the tensor product of two one-body representations when 
the interaction is set to zero: 

?7(i2)[A,r] ^f/i[A,r]®f/2[A,r]. (147) 

• The two-body mass operator commutes with the non- interacting , 
AF^ and j^: 
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[M(i2), FJ] = [A^(i2), AF^] = [M(i2), Jo'] = 0. (148) 

These conditions cannot be simultaneously satisfied for systems of more 
than two particles. They are replaced by the following induction assumption, 
which reduces to the above condition when N = 2: 

• For each proper subsystem s of the A^-body system, there is a dynam- 
ical representation C/s[A, F] : Tis ^ Ti-s with short-range interactions 
satisfying algebraic cluster properties. This means that if the interac- 
tions between particles in different clusters of the subsystem s are set 
to zero then 

U,[A,Y] ^ ^AA^,Y]. (149) 

• For each proper subsystem there is a scattering equivalence Cs satisfy- 
ing 

CMs[A,Y]Cl^Us[A,Y] (150) 

with the property that the mass operator Mg of the [/s[A, Y] represen- 
tation commutes with FJ, j^, AFJ of the non-interacting subsystem, 
s. 

These conditions are trivially satisfied by the two-body construction of 
the previous section for Cg = I on each single particle Hilbert space. 

First we show that if these conditions hold for all proper subsystems then 
they hold for any non-trivial partitioning of the A^-body system. 
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The theorem below ensures the scattering equivalence of tensor products 
of subsystem representations that satisfy ()15U|) to representations with a non- 
interacting j^, F*, and AF*. 

Theorem 4: Let a be a partition of the A^-particle system into Ua disjoint 
mutually non-interacting subsystems, a^. Assume that each subsystem has 
a dynamical representation f/^JA, y] of ISL{2,C) with an asymptotically 
complete scattering theory. Assume the each of the representations ?7aJA, Y] 
is scattering equivalent to a representation that has F^. = Fo^., AF^. = 
A^a,,it =Joa.- Let 

Ua[A,Y] ■.= 0ZiUaA^y] (151) 

be the tensor product of subsystem representations of ISL{2,C). Then 
f/a[A,F] is scattering equivalent to a representation f7a[A,F] that has F^ = 

Fo^ AFi = AFoM = jo- 

This states that if the subsystem mass operators are scattering equivalent 
to the subsystem mass operator with kinematic F^. , AF^. , ja. then the tensor 
product of the subsystems has a mass operator that is scattering equivalent 
to a mass operator with kinematic F\ AF\ and j. 

The induction assumptions ()150p and p49|) and the application of The- 
orem 4 imply that for every partition a with at least two non-empty clus- 
ters there are representations t/a[A, Y], and Ua[A, Y], related by a scattering 
equivalence Ba- The proof of Theorem 4 as well as the construction of Ba is 
given in Appendix IV. 

To establish algebraic cluster properties let X be an operator valued func- 
tion of the interactions. Assume that a coupling constant A;, is put in front 
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of all interactions involving particles in different clusters of a partition b. Let 
{X)b denote the operator obtained from X by setting At to 0. 
Theorem 4 implies the following relation: 

Ua[A,Y] = BaUa[A,Y]Bl (152) 

Turning off interactions between particles in different clusters of b in ()152|] 
gives, using (jl49p and (jlSlj) . 

{Ua[A,Y]), = {B,),U,nb[A,Y]{Bi), (153) 

when 6 n a is a refinement of a. 

Applying Theorem 4 directly to the partition c = bHa gives 

Uanb[A, A] = BanbUanb[A, Y]bI^,. (154) 

This gives distinct scattering equivalences -Banb and {Ba)b relating Uanb[A, Y] 
to different representations that commute with Fq , AFq , and j'q. An illus- 
tration of this ambiguity in the four-body system occurs for a = (123) (4), 
b= (12)(34) andc= (12)(3)(4). 

It is desirable that the scattering equivalence obtained by turning off 
interactions agree with the scattering equivalence constructed directly by 
applying Theorem 4 to the tensor products. This can be achieved by recur- 
sively replacing the operators Ba of Theorem 4 with operators Aa that satisfy 
{Aa)b = Aanb- This replacement involves a redefinition of the M^s. 

For — 1 cluster partitions define 

Aa := Ba. (155) 
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Because — 1 cluster interactions only have two-body interactions, both Aa 
and Ba become the identity when the interaction is turned off: 

{Aa)t = Aanb = i (156) 

In this case any non-trivial refinement of a gives N free particles. 

Next consider a partition a with k clusters. By induction assume that 
scattering equivalences A^. have have been defined for all partitions c with 
more than k clusters and that these operators satisfy {Ac)d = Acnd for > k. 

Let 6 be a partition such that aCib has more than k clusters. Note that 

AanbiBDt (157) 

is defined and commutes with Fq, AFq, and jo- 
Define 

Aa := f (158) 
\I + iaaJ 

where 

tta := - X! f^i^ ^ b)aa,b (159) 

and 

a^,:=^i^4^. (160) 

Note that aCib = b was used in fll60|) . These expressions utilize Cayley trans- 
forms to construct unitary functions of scattering equivalences. The resulting 
unitary operators will be scattering equivalences provided their Cayley trans- 
forms are in the algebra of asymptotic constants. This is not entirely trivial, 
because the algebra C is uniformly closed, but not strongly closed. Aa will 
be a scattering equivalence if the Cayley transforms aa,b are bounded. This 
will be assumed in all that follows. 
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The restriction h ^ a means that the 6's appearing in the sum are proper 
refinements of a and necessarily have more than k clusters. By induction the 
Aft's satisfy {Ab)c = Abr^c- It follows for c fl a 7^ a that 



which gives 



[aa,b>c ■= i-f ^ -^j- — = aa,bnc (161) 



-^fiiaD b)C{{b n c) D d)iJ,{d D e)aa,e- (162) 

Using (jllSp gives 

- fi{a D b)({b D d)({c D d)fi{d D e)aa,e- (163) 

The b sum gives /i(a D a)C(a D (i) — 5arf = ({a 'D d) — 5ad- Using this in the 
above sum and observing that C(c D a) = 0, gives 

Y C{a 3 d)C{c D d)fi{d D e)aa,e = XI C(a n c D d)n{d D e)da,e = aa,anc- 

d,e d,e 

(164) 

It follows that 

Aanc{Bl)c{Ba)c = Aanc (165) 

This shows that if the result holds for more than k clusters, it holds for k 
clusters. 

This process can be continued recursively until = 2. The result is a 
set of scattering equivalences, Aa and representations 

Ua[A,Y],Ua[A,Y] (166) 
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with the properties 

Ua[K.Y]^AjJa[KY]Ai (167) 

U,[K,Y]^®ZAX^^Y\ (168) 

Aa ^ ianfe (169) 

and 

Fi^Fl AF^ = AFo^ 31^ jl (170) 

The final step is to complete the construction of the dynamics. For each 
partition a of the A'"-particle system with at least two clusters let Ma be the 
mass operator for the tensor product representation C/a[A, y]. Note that 

Ma = AaMaAi (171) 

is scattering equivalent to Ma and commutes with Fq , AFq , and Jq. 
Define 

M := - 5^ //(I D a)Ma + [M]^ = - ^ /^(l ^ a)i„M„it + [M]^ (172) 

where [Mj^v is a possible additional A^-body interaction that commutes Fq, 
AF^ , and Jq. By construction M commutes with F^^ AFJ , and Jq. This 
expansion is equivalent to the cluster expansion of M . By the induction 
assumption, turning off the interactions between particles in different clusters 
of partition h gives 

(M)6 := - E /^(l ^ o.){Ma\ = - E /"(I ^ a)i„n6M„n6^;n6 = 

a^l a^l 

- ^ A«(l 2 a)C((a n &) D d)n{d D e)AeMeAl = 
07^1 
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- I] ^ a)C{a 5 d)C{b D d)fi{d D e)AeMeAl (173) 
The a sum gives (1 — Sm)!- Inserting this into p73p gives 

(M)b = AtMhAl (174) 

or 

(M)b = Mb. (175) 

This is not the mass operator corresponding to the tensor product of 
the subsystems associated with the clusters of b. To correct this define the 
scattering equivalence 

i := (176) 

I — ia 

with 

a = - ^/i(l D a)da (177) 
aa:=il^^. (178) 

i + Aa 

Using the same algebra used to show that (M)b = M^, it follows that 

{A), = i,. (179) 

Since A is a scattering equivalence define 

M := A^MA. (180) 

Since M commutes with the kinematic operators , AFj, and jg, simul- 
taneous eigenstates of M, Fg, and jg define a complete set of states states 
that transform irreducibly. This can be used to construct a representation 
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f/[A,y] of the ISL{2,C). The scattering equivalence A defines a scattering 
equivalent representation 

U[A,Y]:= A^U[A,Y]A (181) 

with the property that 

(f/[A,F]), := AlUt[A,Y]A, = f/^A, F] = ^^M^^Y]. (182) 
The generators have the form 

= A^P>'{M,jI Fl AFo^i (183) 

and 

ji^v ^ aU^^^M^I, F^, AF^)A. (184) 

This completes the proof of the induction. 

The operator U[A, Y] defined in (11811) is the desired A^-body representa- 
tion of ISL{2, C) that is consistent with the dynamics and satisfies algebraic 
cluster separability. The effect of the transformation A is to cancel the AJs 
from the subsystems. It generates new many-body interactions that are nec- 
essary for the algebraic cluster properties of ?7[A, Y]. 

To summarize this construction; tensor products of subsystem dynamics 
are transformed to scattering equivalent representations where the operators 
F\AF\ and j are free of interactions. The transformed mass operators 
are combined to construct a mass operator for a unitary representation of 
ISL{2, C) with kinematic F\ AF^ , and j. This representation is transformed 
to a scattering equivalent representation satisfying cluster properties. 
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The construction, while complex, leads to a simple structure. All of the 
ISL{2, C) generators can be expressed as sums of one, two, three, ■ ■ ■, N- 
body interactions. For any ISL{2, C) generator, the A;-body interaction in 
the fc-body problem is identical to the k-hodj interaction in the many-body 
problem. At each stage of the construction the subsystem interactions remain 
unchanged. What is new is that cluster properties generate new many-body 
interactions. These do not change when they are imbedded in systems with 
more than particles. The spin, which is a non-linear function of these 
generators, is an interaction dependent quantity given by 

? = A^JoA. (185) 

The scattering equivalence A is an interaction dependent operator that be- 
comes the identity when the interactions are switched off. While there is 
freedom to include many-body interactions, there is a class of many-body 
interactions that cannot be removed without violating cluster properties. 

13 Cluster Equivalence 

The dynamical unitary representation of ISL{2, C) constructed in the previ- 
ous section satisfies algebraic cluster properties. With suitable short ranged 
interactions it will satisfy cluster properties (jHHj) and the spectral condition. 
The choice of basis (/, d) was an important element of this construction. In 
this section, this representation is shown to be scattering equivalent to a rep- 
resentation based on a different choice of basis, {g,h). This representation 
also satisfies algebraic cluster properties. 
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This illustrates the existence of a subgroup of the group of scattering 
equivalences that relates the constructions based on different irreducible rep- 
resentation basis choices and preserves algebraic cluster properties. This 
subgroup will be called the group of cluster equivalences. 

It follows that the choice of irreducible basis used in the construction 
has no fundamental physical significance. This generalizes the equivalence of 
choices of kinematic subgroups in two ways. First, it extends the result to 
the general setting of this paper where the form of dynamics is replaced by 
the basis choice (/, d). Second, it shows that this equivalence respects cluster 
properties. 

To illustrate the nature of the required scattering equivalence first let 
(/■^[A, Y] denote the representation constructed in the previous section using 
the (/, d) basis. Turning off interactions between particles in different clusters 
of the partition a gives 

Uf[A, Y] ^ Ul[A, Y] = AfJuiiA, (186) 

where are the scattering equivalences constructed in the previous section. 
The superscript / indicates that the (/, d) basis was used in the construction. 
Algebraic cluster properties give the relations 

Uf[A,Y] ^ Ul[A,Y] = ^ZMiKY] = 

®r=i {Aimi[A,Y]Ai) = m,Af;m^,ui\A,Ym^iK) (is^) 

where the A{. are the A^ operators for the subsystem consisting of the par- 
ticles in the i — th cluster of a. 

It is useful to introduce the operators 

UliKY] :^ ^ZiKi^^y] (188) 
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which are related to C//[A, y] by the scattering equivalence 

Bl-.^^ZiK (189) 

The construction of the previous section defined Ul[A,Y] :— Ul[A,Y] for 
Ua — N — 1. All of the C//[A, y]'s were recursively constructed from the 
Ua — N — l cluster representations. 

Any of the representations tJl [A, Y] are scattering equivalent to a tJ^ [A, Y] 
representation. This scattering equivalence is realized by making the follow- 
ing replacements in the kernel of the barred mass operators: 

(/,(i(mo,jo)|M^|/',c^'K,j^)) = 5[/;/']5,„,,.(mo,(i||M^°||m'o,(i') (190) 

by 

(^,/i(mo,jo)|Ml5',/i'K,j;)) = 5[g-g']5,,,y^{moM\Mn^'o.h') (191) 

where the reduced kernel {mQ,h\\M^'-''\\m'Q,h') is defined in terms of the re- 
duced kernel (mo, (i||M-'"||mg, d') by a variable change d h implemented by 
kinematic ISL{2, C)-Racah coefficients. This means abstract reduced mass 
operators are identical. The operators and differ because of the delta 
functions in / or g^; but both operators manifestly give the same S matrix 
elements and bound-state observables. The operators and define 
scattering equivalent representations of ISL[2, C) with the non-interacting 
F*, AF* or G', AG* respectively. The scattering equivalence is denoted by 

C^Wf[K, Y\C^f^ = C7»[A, Y\ (192) 
Since this equivalence is valid for systems or subsystems, for each partition 
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a the following representations are scattering equivalent: 

Ul [A,Y], Ul [KYI ill [A, F] , f/f [A, y] , f/f [A, y] . (193) 

These representations have the property that ?7/[A, F] = t//[A, y] for 
— 1 cluster partitions and f//[A, Y] is scattering equivalent to f//[A, y] for 
the 1-cluster partition. 

The goal is to find a f/^[A,a] that is scattering equivalent to f7^[A,y] 
and f7'^[A,y] and also satisfies algebraic cluster properties, with (j^[K,Y] = 
f/f[A,y] for = A^-1. 

The first step is to define 

?7f[A,y] = f/f[A,y] (194) 

for Ua = N — 1. Following the construction of the previous section, this gives 
scattering equivalences relating f/f [A, Y] to f/f [A, Y] for = — 1. 

Next, assume by induction that f/f [A,y] has been defined for partitions 
with more than K clusters satisfying algebraic cluster properties and is scat- 
tering equivalent to [7f[A,y]. The f7f[A,y] for i^'-cluster partitions is de- 
fined by p92p . Its mass operator, , is related to M/ by replacing delta 
functions in / by delta functions in g. Since {Mi)b = Mfnb follows that 
{Ma)b = ^fn6 because the kernel of the two operators only differ by delta 
functions in the overall kinematic operators f or g. 

This means that differs from the cluster expansion 

Mf = -J2Ka^b)M^ (195) 
by at most an a-connected interaction term, [M]^. In order to construct the 
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desired representation it is enough to define 

f>f[A,l^]:=irf/f[A,l^]i^ (196) 

where 



= (197) 



I + 

I — i&i 

«^=-EMa,&)«? (198) 



«9 = ,i±4^. (199) 
Following the algebra used in ()173p has the property that 

(«^), = dl be a (200) 

and 

(f/f )4A, Y] := ifn6t^a%[A, Y]!^^, = UU^, Y] (201) 

This differs from the result of a direct construction in the {g, h) basis because 
of the difference [M]^ between and Mf". This introduces additional 
many-body interactions that are needed maintain the scattering equivalence 
at each stage of the recursion. Note that in this construction the factor 
fi{a ^ b) ensures that only the b satisfying b G a appear in the sum. These 
partitions have more than i^T-clusters. This construction can be continued 
until K = 1, where 



U^[A, Y] = Uf[A, Y] = A'^UfA^^ (202) 

is the desired representation based on the {g, h) representation. The relevant 
scattering equivalence is 

US[A, Y] = A^^C^^A-fUf[A, Y]A^^C^^^A^. (203) 
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It follows that A^^C^-^A^ is the desired scattering equivalence connecting 
the construction of U[A, Y] using the (/, d) representation to a dynamics 
satisfying cluster properties based on the {g, h) representation. 

It is important to emphasize that the A^ constructed in this manner 
are not identical to the corresponding operators that would have been con- 
structed if one began with the {g, h) basis. This is due to the presence 
of additional many-body interactions that are determined by the difference 
between the operators Mf* and for each a. These differences account 
for the dynamical differences that occur when the many-body dynamics is 
formulated with different basis choices, or using different forms of dynamics. 

The cluster equivalences transform ISL{2, C) generators in one represen- 
tation to physically equivalent generators in another representation. In each 
representation the interactions are distributed differently among the genera- 
tors. Specific representation have computational advantages. 

14 Summary and Conclusion 

This paper provides a general construction of a unitary representation ?7[A, Y\ 
of ISL{2, C) for a system of N-interacting particles based on the representa- 
tion theory of ISL{2,C). For suitable interactions the representation satis- 
fies cluster properties and the spectral condition. The representation defines 
a non-trivial relativistic quantum theory of interacting particles. Unitary 
operators that preserve the S-matrix and cluster properties, called cluster 
equivalences, relate the different constructions. 

Relativistic quantum theory of A^-particles can be applied to model sys- 
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terns of strongly interacting particles. This framework has many features 
of non-relativistic quantum mechanics and local relativistic quantum field 
theory. Like non-relativistic quantum mechanics, it is a mathematically well 
behaved theory where exact numerical calculations are possible. Like quan- 
tum field theory, it is a quantum theory with an exact ISL{2, C) symmetry 
that satisfies cluster properties and the spectral condition. 

The generality of the construction suggests that any quantum theory 
dominated by a finite number of particle degrees of freedom which is consis- 
tent with Poincare invariance, cluster properties, and the spectral condition 
will be related to a theory of the type discussed in this paper by a cluster 
equivalence. 

The cluster equivalences introduced in section 13 relate physically equiv- 
alent representations of the same model. Cluster equivalent models have the 
same bound state observables and S-matrix elements. In each representation 
free particles are represented as tensor products of irreducible representa- 
tions. The unitary representation of ISL{2, C) that defines the dynamics 
clusters into tensor products of subsystems representations with the same 
properties. Cluster equivalence is a stronger condition than unitary equiv- 
alence or scattering equivalence. Scattering equivalences were shown to be 
unitary elements of the C* algebra of asymptotic constants. Cluster equiva- 
lences were shown to be a subgroup of the scattering equivalences. 

The practical need to understand the relationship between different for- 
mulations of relativistic quantum theory suggests that it would be useful to 
have an abstract definition of a relativistic quantum theory of particles. The 
situation is different than the quantum field theory case, were there are sev- 
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eral sets of axioms |3] that are designed to define a suitable local field theory, 
with an absence of examples of realistic theories consistent with these axioms. 
In relativistic quantum theory there are many applications that claim to be 
relativistic quantum theories, with no universally accepted criteria of what 
it means to be a relativistic quantum theory of particles. The absence of 
an acceptable definition of what constitutes a relativistic quantum theory of 
particles makes comparison difficult. The construction of this paper, which 
focuses on mathematical formulation of observable physical properties, and 
how they can be realized in models, suggest minimal elements that need to 
be included in a set of axioms: 

Al : The Hilbert space 7i is the tensor product of irreducible represen- 
tation spaces of ISL{2, C) associated with the mass and spins of the 
constituent particles. 

A2 : There is a unitary representation f/[A,y] of ISL{2,C) on 7i with a 
positive mass and energy spectrum. 

A3 : The Hilbert space can be factored into a tensor product of subsystem 
spaces, with each one supporting a subsystem unitary representation 
f/j[A,y] of ISL{2,C). For each partition a into subsystems the 
operator U[A, Y] satisfies cluster property (jHHj) 

A4 The dynamics U[A, Y] has an asymptotically complete, ISL{2, C) in- 
variant S'-matrix. 

These requirements can be used to formulate a precise relationship be- 
tween different formulations of relativistic quantum theory when they are 
applied to systems with finite energy and number of degrees of freedom. 
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The construction in section 12 points to some of the general features of 
relativistic quantum theory of particles. In the physical representations of 

ISL{2, C) the scattering equivalence A, which is an interaction dependent 
operator, normally generates interaction dependent terms in all of the oper- 
ators using the relations: 

F' = (204) 
AF^ = i^AFoM (205) 
f = A^jIA (206) 
= P^{M,f, F\ AF') = A^P^'{M,jI Fl AFo^)i (207) 

jnu ^ pi^ ^pi^ ^ it pi^ AFo^)i (208) 

While the construction begins with representations having kinematic j^, F^ 
, and AF\ all of these operators acquire an interaction dependence in the 
physical representation. 

Tensor and spinor operator densities also play an important role in rel- 
ativistic quantum mechanics. For example, the hadronic electroweak cur- 
rent operators provide the coupling of the hadronic dynamics to electroweak 
probes. In one-boson exchange approximations these current operators must 
transform as 4-vector densities with respect to ISL{2, C) 

J7[A, Y]Ii'[X](j^[K, Y] = /^[AXAt + r]A/. (209) 

58 



Because U[A, Y] is an interaction dependent operator, the covariance condi- 
tion ()209p requires the existence of many-body contributions to the current. 
This is understood by considering covariance condition 

{f;m,j\nX]\f;m',f) = 

J dii{ndfi{n{f'';m,j\r[AXA^ + Y]\r-m',j')x 

[A, Y]Vj:/f, [A, r] A/. (210) 

In this expression the m and m' in the V functions are physical mass eigen- 
values. This expression fixes a general matrix elements in terms of a set of 
independent current matrix elements and interaction (m) dependent coeffi- 
cients. This is essentially the Wigner-Eckart theorem for ISL{2,C). In this 
interpretation the interaction dependence arises because the Clebsch-Gordan 
coefficients depend on the physical mass eigenvalues. This means that the 
operators I^{X) necessarily have interaction dependent terms that depend 
on the specific representation. 

The result is that the representation of tensor and spinor densities is re- 
lated to the representation of the dynamics. Changing the representation of 
the dynamics by a cluster equivalence changes the representation of the inter- 
action dependent parts of the tensor and spinor densities. This has important 
implications for modeling electromagnetic probes of hadronic systems. 

Dirac's forms of dynamics are obtained for special basis choices. Specif- 
ically, if the ISL{2,C) Wigner V functions, Vj'j,[A,Y], do not depend ex- 
plicitly on m for a subgroup Q of ISL{2, C), there are no interactions in the 
generators of the subgroup. This depends on the choice of commuting op- 
erators that are used to label vectors in ISL{2, C) irreducible subspaces. 
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Cluster equivalences can be used to relate a general model to an equivalent 
models in any of Dirac's forms of dynamics. 

The author would like to thank F. Coester for critically reading this 
manuscript and would like to acknowledge the generous support of the US 
Department of Energy which supported this work under contract # DE- 
FG02-86ER40286. 

15 Appendix I 

Examples of positive mass positive energy irreducible representations ofISL{2, C) 
are constructed. The construction presented below is not as general as the 
abstract construction given in section 5, but it is general enough to include 
all of the representations that are commonly used in the literature. 

Let /'(p, m), i = 1,2,3 be three independent real valued functions of 
the three momentum and the mass. Since the M and P commute, these 
three functions become commuting self-adjoint operators when m and p are 
replaced by operators. Independence means that these functions can be 

— * 

uniquely inverted to express p = P{f, m) where / denotes the three functions 
/*. By the implicit function theorem this will be true provided the Jacobian 
matrix 




(211) 



is invertible for any p and any m in the spectrum of M. 
Define the operators 

F'^f{P,M) (212) 
for i = 1 to 3. Let L{p) be an arbitrary but fixed SL{2, C) valued function 
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of p = {\/m^ +p'^,p) with properties 

L(p)Lt(p) = 1<7X (213) 

L{po)L\po) = ao po (m, 0, 0, 0). (214) 

These equations mean that L{p) is an SL{2, C) representation of a Lorentz 
boost. In general it can differ from the canonical (rotationless boost) by a 
p-dependent rotation, R{p) G SU{2): 

L{p) = L,{p)R{p) R{po) = I. (215) 

Given the function L{p) it is possible to define the SL{2, C) valued matrix of 
operators L{P) which is obtained by replacing p by the commuting operators 
{P,M). 

For a given L(p) define the Z-spin by 

I := ilV [aL{P)W^a,L\P)] (216) 

where W'^ is the Pauh Lubanski vector. Since H^'' commutes with P"^, all 
components of ji commute with P^,P'^,P^. In addition, for any choice of 

— * 

L{p) the components of ji satisfy SU{2) commutation relations with jf — 
j2 = W^/M^. Let = z -ji. The operators F^,- ■ ■ F^,M,j^ define a 
complete set of commuting self-adjoint operators. 

Let = f{po)JS = /'(Po),/o' = fiPo)- By construction f^J^f^ 
is invariant under rotations, although / does not transform like an SO{3) 
vector. Let / denote the eigenvalues of F^,F'^ and F^ and /j, denote the 
eigenvalue of F^. Define f\ := f{p\, m), where = A'^^p". For fixed A, f\ 
is a function of / and m. 
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Let l/o, A*; j, m) denote a rest eigenstate of F*, M, and let it! be a SU (2) 
rotation. Define rotations and translations on the rest states by: 

j 



C/[i?,0]|/o,/.;i,m) := Yl \fo,i^; 3,m)Di^{R) 



V=-J 



Define states of arbitrary F by 



\f,l^;j,m) := C/[L(/),0]|/o,/i;i,m)y| — |. 



(217) 
(218) 

(219) 



The expressions for U[R, 0] and y] are manifestly unitary. The factor 



^1 assures that U[L(f), 0] unitarity for states with a delta- function nor- 



malization. These elementary relations determine a unitary representation 
U[A, Y] on any state by using the decomposition 



U[A,Y] = U[I,Y]U[L{U),0]U[RU^,f),0]U[L-\f),0] 



(220) 



where 



R^i{A,f):^L-\U)AL{f) (221) 

is the /-spin Wigner rotation and L{f) is obtained from L(p) by replacing p 
by p(/, m). 

The irreducible representation in this basis follows as a consequence of 
the above relations: 



U[A,Y]\f,^^■,j,m)^ ^ \U,iy; j,m)e'^^f-'^>y 



V=-J 



df 



1/2 



Di^iR^AJ)]. 

(222) 



Taking matrix elements give the ISL{2, C) P-function 



PP}[A,F] = e^^(^"™)-^i?^,^KKA,/)] 
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dfA 



df 



1/2 



5'\r-fK). 



(223) 



The infinitesimal generators of ISL{2, C) in tliis representation can be 
computed using ()125II127|) . Tlie results are: 



= p>'{f,m) (224) 

(225) 



fifm a 



= -l^[Ar,HU + ^(5i'(p) - Hctip))^ (226) 



where 



c^^ip) = ^TT{L-\p)a,ma,) (227) 

ci\p)=TriL-\p)^L{p)a,). (228) 

These equations can be inverted to obtain explicit expressions (jl33p for 
A/'^ in terms of the generators 



2H Of' H 



(229) 



_Qfk 

for /c = 1, 2 or 3. This expression reduces |2S1 to the Newton- Wigner position 
operator when /* = and the /-spin is the canonical spin. The /-spin is given 
as a function of the infinitesimal generators by ()216p . The partial derivatives 
in this expression are computed with functions which are replaced by the 
appropriate operators after the differentiation is performed. 
The A/^ for the spins are the raising and lowering operators 

ii± := ii^ ± ijiy. (230) 

This shows explicitly the equivalence between 

{H,pJ,K} and {M,3\F,AF}. (231) 
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The basis choices illustrated above, while restrictive, include all of the basis 
choices that lead to Dirac's forms of dynamics. The general construction 
yields a Dirac instant form of dynamics if /* are taken as the three compo- 
nents of the linear momentum and Li{p) is a canonical (rotationless) boost. 
Dirac's point-form dynamics is obtained if /* is taken as the three components 
of the four velocity and Li{p) is the canonical boost. A front form dynamics 
is obtained if /* is taken as the three generators of translations tangent to a 
light front and Li is taken as corresponding the light front boost. Infinitely 
many other choices of /* and Li{p) are possible. 

16 Appendix II 

The Clebsch-Gordan coefficients for the representations in Appendix 1 can 
be computed from the tensor product representation using the same methods 
that were used to construct the single irreducible representations. The first 
step is to decompose the tensor product representation of the "rest state" 
into irreducible representation of SU{2). This requires generalized Melosh 
rotations to ensure that all of the spins undergo the same rotations. The 
irreducible representation are then boosted with the appropriate /-boost. 
This generally leads to Wigner rotations. The general result is derived in 
[221 • The resulting Clebsch-Gordan coefficients for this basis are: 



(/l,/^l,/2,/^2|/,/^;m,J,/, S 



Hf- fifu f2))S{m - m{fi, f2, mi, ma)) 



d{f, k) ^'^ ldk_ 
d{fij2) kdm 




[R^iip, ki)Rmiiki)]D^^ , [R^i{p, k2)Rmiik2)]x 
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Y\ki{fl, /2))0'l, /^l, J2, f^2\s, f^s){s, lis, I, fil\j, IJ) 

where Ldp) is the canonical boost and is a /-boost, 

1. 



and 



Rmiciki) :— Li ^{ki)Lc{ki). 



(232) 

(233) 
(234) 



These are the Wigner and Melosh rotations associated with the /-boost. 

The Racah coefficient for this choice of basis can be computed in terms 
of four Clebsch-Gordan coefficients. It is simplest to compute the invariant 
part of this coefficient by choosing p = (m, 0, 0, 0) and integrating the result 
over SU{2). The Racah coefficients for the couplings ((12)(3)) — > ((23)(1)) 
become: 

(/ //'; m', f, (12, 3)\f, m, j, (23, 1)) = 



X 



87r^mi2m23(^2(g3 + gi) 

_k[k2(iiqiux{k[)u2{k[)u2{k2)u2,{k2)ui2{qi)<^2'i{qi) _ 

I dU'l2. fl) 1 1 d{f[2, K) g(/23, d{f23, /l) ,1 

'5(/',9^)"5(/{,/^)"9(/2,/3)" d{f,q,) [ 

{j, f^f\L': ^'l: S\ fl's){S\ fl'slfu: ^^12^3: /^s) >< 



X 



X 



1^1 



DZ^.',[Rmci{k'2)R-l{-q's, q2)Rv.i{-qi, k2)Rmlc(k2)] 



65 



^M23M^3 [^'nK-gi)] {j23f^23jm\Sfis) {L, f^L, S, fis\jf^f) 

where m is the three body invariant mass, rriij are the invariant masses of 
the ij and jk subsystems, w{k) are energies, and are the operators 

:= L^\m. (235) 

17 Appendix III 

To prove Theorem 1 first note that condition ()82p imphes 

hm \\U[I,-T] (<l^-f/t[A,r]<l>^f/^[A,r])f/^[/,T]|^)|| = (236) 

which is equivalent to 

n^{H,^j,,H_A)=n^{H,U^[A,Y]^^U_A[A,Y],H^). (237) 

Since the Hamiltonian commutes with the hnear and angular momentum 
operators, it follows that if (A, A) is a rotation or translation this becomes 

Qi{H,^^,H^) = U^[R,0]Q±iH,^A,HA)UA[R,0] (238) 

and 

Q±{H,^a,Ha) = U^[I,Y]Q±{H,^^,H^)U^[I,Y]. (239) 

For the case of a rotationless Lorentz transformation condition (|237|) im- 
plies 

Q±{H, <l^. Ha) = Q±{H, U^[A, 0]^aUa[A, 0],Ha). (240) 
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The commutation relations imply 

[A, Q]HU[K, 0] = K^^P^ (241) 
U\% ^aUa^ 0] = A°^P^. (242) 

It follows that 

m[A,0]fi±(^, ^A,Hj,)Uj\K,Q] = 
m[A, m±{H, f/[A, mAU\[^. %Hj,)Uj,[K, 0] = 

fi±(AJP^<l,AJPj^) (243) 

which can be expressed as 

fi±(AjP^ <l^, AjP^) = \\m^ giHA%i+iAOAt|>_^g-i^^AOot+iAOp^,t_ ^244) 

Since A^'o > it is possible to redefine define t t' = A^ot so the limit 
t — s> ±oo is equivalent to the limit the t' ±oo. This gives 

lim e'^''U[I,At']^^Uj([I,At']e-'^^'' (245) 

where 

AO 

A = jt^a,. (246) 

Condition ()83|1 then gives 



lim e'^''U[I, At]^AUA[I, At']e-'"^'' = n±{H, <l, Ha). (247) 

t'— >±oo 

Combining ()243p and ()247p gives 

n^{H,^A,HA) = U^A,0]Q^{H,^a,Ha)Ua[^,0]. (248) 
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To complete the proof of Theorem 1 note that (|238|) , (j248j) , (j248j) imply 

U[A,Y]Qi{H,^^,HA)=n±{H,^A,H^)UA[A,Y] (249) 

which is the intertwining relation of corollary 1. Corollary 2 follows by iden- 
tifying and (P7|l . 
It follows that 

U\[A,Y]SUa[A,Y] = 

ni{H,^A,HA)U^[A,Y]U[A,Y]Q_{H,^A,HA) = S. (250) 

This completes the proof of Theorem 1. 

To prove corollary 3 note that equation (jHUjl is equivalent to 

s - hmJe-'^'''n±{H, <l, H_a) - ^e''^^'] = (251) 

The intertwining properties that follow from Theorem 1 give the strong limit: 

s - JimJ{n±{H,^,Hj^) - ^)]e-'^-^' = 0. (252) 

The proof that this holds on the dense set of asymptotic states with bounded 
momentum follows the proof of theorem IX. 23 of [H] (see also jl21@n])- The 
extension to the strong limit follows the argument in [2]. 

18 Appendix IV 

To prove Theorem 4 let C*a. be the scattering equivalence that maps Ua^[A, Y] 
to the representation Ua^ [A, Y] with kinematic F^, , ^F^. , ja^ ■ Define 

Ca := ^:=A. (253) 
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and 

UalKY] ■.^CjJa[KY]Cl^®Zi{CaA.%y]Cl). (254) 

By assumption, the representations [/(j[A, yl] and C/(j[A, ^4] have the same 
scattering matrix elements, which are products of the single cluster scattering 
matrix elements. In addition, because 

(/ - Ca)Hl, T] = ®Zl{Ia, - Ca,)UoaAl, T] (255) 

it follows that 

lim (/-C'„)t/o[/,r] = (256) 

c— >±oo 

which shows that Ca is a scattering equivalence on the N-body Hilbert space. 

The representation t/a[A,y] docs not have kinematic Fj, AFj or j, even 
though each factor of the tensor product has this property. The advantage 
of the representation C/o[A, F] is that it is scattering equivalent to a repre- 
sentation C7a[A, y] that has a kinematic F*, AF* and j. 

To show this consider the structure of the single cluster and M^i- 
The Hamiltonian Ha of the representation ?7a[A, Y] is 

Ha:^Y.Ha,®ii (257) 
1=1 

where U is the identity on the remaining factors in the tensor product. The 
mass operator is a function of the commuting operators Ma. ® U and 
® h- Corollary 3 of Theorem 1 give mild conditions on the interactions 
for Ha and Ma to lead to the same S'-matrix. 

The matrix elements of Ma^ ® h in the tensor product of Ua free particle 
irreducible representations have the form 
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n S[h, mdk, d',]6,^fj{m, - m',). (258) 

An irreducible free particle basis for the A^-body system can be con- 
structed by successive use of the ISL{2, C) Clebsch-Gordan coefficients to 
decompose the basis | ®j [fj,dj{mj,jj))) into a direct integral of irreducible 
representations. What is relevant for the proof of this theorem is that the 
variables mi,di and ji that appear in the kernel (dj, mi||M^j||(Z^, m^) of M^^. 
are degeneracy parameters in this representation. 

In order to be precise assume that the irreducible free particle basis is 
obtained by successively coupling clusters in the order (■ ■ ■ (((12)3)4) • • -ria). 
In addition, at each stage in the coupling define Qi as the solution to 

Mo(...(i2))3)....+i) = + ^Qi+Ki-iimy-.y (259) 

The operators qi are alternate labels for the kinematic invariant masses 

Mo(...(i2))3)-i)- 

Define the single cluster mass operators Mq. in this irreducible represen- 
tation 

{f,d;m,j\M,,\f,d';m',j')^ 

S[fJW,J%a:{d^,m\\MiM,rn[)x 

ria 

J J' n ^3u3',^irnu - m'J - (^i)Kr[ (260) 

ki^i 1=1 

where the qis are considered functions of the kinematic invariant masses, 
the Ti are degeneracy parameters that result when particle / is coupled to the 
irreducible (1 • • • Z — 1) system, and J and J' are Jacobians 

J ^ I %l---gn„-l) ^261) 

9(m(i2) • • •mo(...((12)...(n„) 
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The three important observations about this definition are 

• The non-trivial part of this kernel is identical to the non-trivial part of 
the kernel of M^^ in the tensor product representation (j258|) . 

• Each Ma^ commutes with Fq, AFq, Jq 

• [M,,,M,J =0 

The relations ()259|) can be inverted to express the free mass as a function 
of the free single cluster mass operators and the g^'s: 

Mo = M(Moi, ■ ■ ■ , Mon., gi, ■ ■ ■ , qn.-i) (262) 

The commutation relations allow the definition: 

Ma := M(M,,, ■ ■ • , M,„^, gi, ■ ■ ■ , (263) 

where the g^'s in (j263|) are identical to the non-interacting gj's in (|262p . By 
construction Ma commutes with Fq, AFq, jo- Simultaneous eigenstates of 
Ma, Fq and jo transform as mass Ma spin jo irreducible representations of 
ISL{2,). This defines the representation f7(j[A,y]. 

In order to construct a scattering theory we need to define a suitable 
injection operator to the asymptotic Hilbert space for Ma. The channel 
injection operator for the representation f/a[A,y] is the tensor product of 
irreducible eigenstates 

$„ = |/i,ai, ■■•,/„,, ai). (264) 

The corresponding channel injection operator for the representation Ua[A, A] 
is defined as the simultaneous eigenstates of Ma, jg, F^, Qio, fi, and M^i 
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corresponding the same bound states of the M^.: 

= I/, Jo, gi,---,gna-i,ri,---,r„„_i,ai (265) 

These differ by the delta functions that muhiply the cluster eigenfunctions. 
With this definition it follows that 

na±:=^±{Ma,^Aa,H^a) (266) 

exist and are complete. The scattering operator 

Sa = = 5,,,>5[f, f] n S{q. - mr,, r'^ U 5,^,^8^^ (267) 

i=l i 

is identical to 5*^ if the Clebsch-Gordan coefficients are used to replace the 
irreducible spectator variables by the single cluster /j,jVs. The equivalence 
follows because the S matrix elements are determined by the single cluster 
mass operators, which have identical reduced kernels in representations (j258|) 
and (OHHl) . 

This establishes that the representations f/a[A,y] and f/a[A,y] give the 
same scattering matrix elements. By Theorem 3 they are scattering equiva- 
lent. Let Da be the scattering equivalence that relates these two representa- 
tions: 

Ua[A,Y] = DaUa[A,Y]Dl (268) 
It follows from (OKI) and that 

Ua[A,Y] = BaUa[A,Y]Bi (269) 

where 

Ba := DaCa. (270) 
The operator Ba is a scattering equivalence since it is a product of scattering 
equivalences. This completes the proof of Theorem 4. 
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